This paper mainly focuses on multivariate extension of the extension principle of IFSs. Based on the Cartesian product over IFSs, the multivariate extension principle of IFSs is established. Furthermore, three kinds of representation of this principle are provided. Finally, a general framework of the algebraic operation between IFSs is given by using the multivariate extension principle.
Introduction
The concept of intuitionistic fuzzy sets was first proposed by Atanassov and Stoeva in 1983 1 . However, this concept had not been widely concerned by many scholars, because it was only presented in the symposium proceedings with regard to interval and fuzzy mathematics in Poland. Until 1986, the notion of intuitionistic fuzzy sets was formally introduced by Atanassov 2 . Immediately, some new operators on intuitionistic fuzzy sets are defined and the corresponding properties are studied in 1989 3 .
The intuitionistic fuzzy sets can be viewed as an extension for fuzzy sets, which is more objective and comprehensive to describe the uncertainty of the problem. In 1986, Atanassov 2 established several different ways to change an intuitionistic fuzzy set into a fuzzy set and defined an operator called Atanassov's operator. Furthermore, the study of the properties on this operator is carried out in 2, 4 . Later, Burillo and Bustince 5 presented the Atanassov's point operator and studied the construction of intuitionistic fuzzy sets by using this type of operator. Meantime, they pointed out that it is possible to recover a fuzzy set from an intuitionistic fuzzy set constructed by means of different operators. Similarly, the intuitionistic fuzzy relations can also be seen as an extension for fuzzy 
2.7
The membership and nonmembership functions of f, f −1 are defined, respectively, as follows
2.8
where 
Cartesian Product over IFSs
The concept of Cartesian product over IFSs is introduced by Atanassov 18 . Here we will review this concept in detail and extend it to n arguments. It should be noted that the main purpose of this section is to make a preparation for developing the multivariate extension principle of IFSs.
As we all know, the ordinary Cartesian product is defined as
The Cartesian product over FSs is obtained by extending the ordinary sets to fuzzy sets.
Let A k ∈ FSs X k k 1, 2, . . . , n . Based on the decomposition and representation theorems of FSs, the Cartesian product can be obtained as follows:
3.3
In fact, it has been proved that the membership function of Cartesian product over FSs is
Similarly, the Cartesian product over IFSs can also be obtained.
, the following expression
be called the Cartesian product over IFSs.
According to Lemma 2.4, we have
3.6
Hence, it is easy to see that the set
is a binary nested set on X X 1 × X 2 × · · · × X n . According to Lemma 2.7, we know that the above binary nested set can uniquely identify an intuitionistic fuzzy set contained in IFSs X 1 × X 2 × · · · × X n . Therefore, we have
and it satisfies
3.9
For the membership function and nonmembership function of the Cartesian product over IFSs, we have the following theorem.
Proof. First of all, we prove the membership function of Cartesian product over IFSs. For all 
3.12
Now, we will prove that
3.14
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In addition, if
Obviously, the expressions 3.16 and 3.17 are contradictory. Consequently, the previous hypothesis does not hold and the expression 3.13 holds. By the expression 3.13 , we can obtain
3.18
Now we start to prove the expression 3.11 . Analogously, we have
3.19
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Next, we will prove that
3.21
Similarly, we assume that
then there exists a constant γ such that
On the other hand, if
So we can obtain
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Notice that the expressions 3.24 and 3.25 are also contradictory. So we can see that the expression 3.20 holds, and then we can obtain
3.26 are equal to {0, 1}. Notice that these relations are not necessarily satisfied under general conditions. Based on Theorem 3.2, we can obtain some properties of cut sets of the Cartesian product over IFSs.
Proof. We only prove the first equality, the remaining equalities can be proved in a similar way. According to Definition 2.1 and Theorem 3.2, for all
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11
Hence, the equality holds, namely,
3.28
Multivariate Extension Principle of IFSs
Based on the Cartesian product over IFSs, we will discuss the multivariate extension principle of IFSs. Let E k ∈ IFSs X k k 1, 2, . . . , n , then the operation of Cartesian product may be viewed as a mapping, which is defined as follows
Now we will define the multivariate extension principle. It is assumed that f is a mapping from X to Y , namely,
By the extension principle of IFSs Lemma 2.8 , the mapping f can be induced to the following two mappings.
Next, we use the two mappings f, f −1 to make compound operations with the following two Cartesian products of IFSs, respectively.
4.4
Based on the above compound operations, we will get the following definition about multivariate extension principle of IFSs. 
4.12
Proof. The proof method is similar to that of Theorem 4.3. Thus, we omit it here. 
